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Abstract

Three-dimensional numerical simulation of fluid flow and heat transfer characteristics for an inclined jet with cross-

flow impinging on a heating plate is presented. The turbulent governing equations are solved by a control-volume-based

finite-difference method with power-law scheme and the well-known k–e turbulence model and its associate wall func-
tion to describe the turbulent structure. The velocity and pressure terms of momentum equations are solved by SIM-

PLE method. In addition, body fitted curvilinear coordinates system is employed. The parameters studied include the

same inlet temperature of cross-flow and inclined jet (Tin = 30 and 40 �C), the inclined impinging jet to cross-flow veloc-
ity ratio (VR = 3–7), the heat flux (q00w ¼ 340–1000 W/m2), the Reynolds number of the cross-flow and the angle between
the inclined jet and the bottom surface are fixed at Re = 5000 and h = 45�. The theoretical model developed is validated
by comparing the predictions with available experimental data. The generation of a pair of counter-rotating longitudi-

nal vortices is clearly observed from the computations. Heat transfer enhancement can be attained over wider span-wise

region as the VR value is increased. The analysis provides a fundamental insight into the complex heat transfer char-

acteristics for an inclined jet with cross-flow.

� 2005 Elsevier Ltd. All rights reserved.
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1. Introduction

Jet impingement can be found inmany practical appli-

cations, e.g., cooling of turbine blades and electrical

equipment, drying of paper, textiles, and annealing of

metals. Several researches have studied the effect of

cross-flow on the heat transfer characteristics of imping-

ing turbulent jets [1–5]. Barata et al. [6] examined the char-

acteristics of vortex and upwash flows generated by
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multiple jets in a cross-flow. Chuang et al. [7] used a

two-dimensional numerical model to determine the flow

characteristics associated with an unsteady, compressible

impinging twin slot jets between two plates coupled with

cross-flow. The numerical result of Al-Sanea [8] on single

jet combined with cross-flow show that a cross-flow de-

grades the favorable characteristics of impinging jet.

Kim and Benson [9] employed a turbulent model to sim-

ulate the three-dimensional impingement of multiple jets

with cross-flow. Their results presented that the row of

jets in the cross-flow is characterized by a highly complex

flow field that includes a horseshoe vortex and two helical

vortices whose secondary velocity components are
ed.
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Nomenclature

C1, C2, Cl turbulent constant

d jet nozzle diameter

k turbulent kinetic energy

Nu Nusselt number

P pressure

Pr Prandtl number

q00w wall heat flux

Re cross-flow Reynolds number

T temperature

Tin inlet temperature

Uin inlet velocity

VR velocity ratio of jet to cross-flow

u, v, w velocity in the x-, y-, z-directions

x, y, z streamwise, vertical and span-wise coordi-

nate

Greek symbols

h angle between the inclined jet and the bot-

tom surface

a thermal diffusivity

q density

l‘, lt laminar and turbulent viscosity

e turbulent energy dissipation rate

rT turbulent constant

Fig. 1. Physical coordinate system and boundary conditions.
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co-rotating in space. The impingement of confined single

and twin turbulent jets through a cross-flow has been

studied experimentally and numerically by Barata et al.

[10] to examine the characteristics of vortex and upwash

flows generated by multiple jets in a cross-flow. Huang

et al. [11] have studied various aspects of the jet impinge-

ment heat transfer under the influence of cross-flow.

Nakabe et al. [12–14] investigated that Nusselt number

distribution became a plateau-like pattern, which means

that the enhanced region of heat transfer expanded more.

The flow visualization demonstrated the generation of a

pair of large-scale counter-rotating longitudinal vortices

by an inclined impinging jet. In addition, gas turbine re-

quires internal cooling of many components exposed to

hot burnt gas flow, presented by Son et al. [15]. The most

important requirement is to obtain uniform heat flux dis-

tributions which could be used multiple impinging jets.

Fornalik et al. [16] investigated experimentally the flow

patterns and heat transfer distributions of two kinds of

geometrical arrangement of twin inclined jets. San and

Lai [17] investigated experimentally of five confined circu-

lar air jets in staggered arrays vertically impinging on

a flat plate. An optimum ratio of jet-to-jet spacing was

obtained. Heat transfer from a discrete heat source to

multiple, normally impinging, confined air jet was exper-

imentally investigated by Garimella and Schroeder [18].

In this paper, the numerical simulations was employed

to gain insight into the fluid flow and heat transfer charac-

teristics of inclined jet with cross-flow impinging on a

heated plate. The effect of jet to cross-flow velocity ratio

on the flow and thermal fields is investigated.
2. Mathematical formulation

The schematic diagram of the geometry and the com-

putational domain is shown in Fig. 1. It involves the

three-dimensional heat transfer and fluid flow character-
istics of turbulent flow in rectangular duct of an inclined

jet with cross-flow. The turbulent three-dimensional

Navier–Stokes and energy equations are solved numeri-

cally (using finite-difference scheme) combined with the

continuity equation to simulate the thermal and turbu-

lent flow fields. An eddy viscosity model is used to

account for the effects of turbulence. The flow is

assumed to be steady, incompressible, and three-dimen-

sional. In addition, the thermophysical properties of the

fluid are assumed to be constant.

The three-dimensional governing equations of mass,

momentum, turbulent kinetic energy, turbulent energy

dissipation rate, and energy in the steady turbulent flow

using the standard k–e model are as follows:

Continuity equation

oqui
oxi

¼ 0 ð1Þ

Momentum equation

quj
oui
oxi

¼ � op
oxi

þ o

oxj
lt

oui
oxj

þ ouj
oxi

� �� �
ð2Þ



Fig. 3. Effect of grid refinement (VR = 5, x/d = 20).
Fig. 2. The cross-sectional grid of the inclined jet.
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Turbulent kinetic energy equation
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Dissipation rate of turbulent kinetic energy
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Fig. 4. (a) Velocity vector for x/d = 10, Re = 5000, VR = 7, Tin = 30 �
VR = 7, Tin = 30 �C, q00w ¼ 103 W/m2. (c) Velocity vector for x/d = 40,
Energy equation

quj
oT
oxj

¼ o

oxj

l‘

Pr
þ lt

rT

� �
oT
oxj

� �
ð5Þ

where lt ¼ qCl
k2

e .
C, q00w ¼ 103 W/m2. (b) Velocity vector for x/d = 20, Re = 5000,
Re = 5000, VR = 7, Tin = 30 �C, q00w ¼ 103 W/m2.
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The empirical constants appear in the above equa-

tions are given by the following values: Cl = 0.09,

C1 = 1.92, rk = 1.0, re = 1.3 and rT = 1.0.
Boundary conditions for velocities: the cross-flow

velocity is assumed to have an uniform profile at the

inlet. The outlet boundary is located far enough down-

stream for conditions to be fully developed. For the

near-wall region the law of the wall is assumed to be

valid for both the flow and temperature fields. It is

assumed that the region near the wall consists of only

two layers. The point y+ = 11.63 is usually defined to

dispose the intersection between these two layers. Below

this point the flow is assumed to be purely viscous, and

above this point the flow is assumed to be purely turbu-

lent. A no-slip boundary condition is imposed on the

velocity components at the walls.

Boundary conditions for temperature: the inlet tem-

perature of the cross-flow is assumed 30 and 40 �C.
The adiabatic boundary condition is imposed on the
Fig. 5. (a) Velocity vector for x/d = 10, Re = 5000, VR = 5, Tin = 30 �
VR = 5, Tin = 30 �C, q00w ¼ 103 W/m2. (c) Velocity vector for x/d = 40,
bottom and side walls. The constant heat flux boundary

condition is applied on the top wall.
3. Numerical computation

The numerical computation was carried out by solv-

ing the governing conservation equations with the

boundary conditions. In this study, the computational

domain was chosen to be larger than the physical domain

to eliminate the entrance and exit effects and to satisfy

continuity at the exit. A non-uniform grid system with

a large concentration of nodes in regions of steep gradi-

ents, such as those close to the walls and inclined jet was

employed. A structured computational mesh near the in-

clined jet was created as shown in Fig. 2. The mesh con-

sisted of uniformly spaced grid divisions in a rectangular

region around the center of the inclined jet. The numeri-

cal method used in the present study is based on the
C, q00w ¼ 103 W/m2. (b) Velocity vector for x/d = 20, Re = 5000,
Re = 5000, VR = 5, Tin = 30 �C, q00w ¼ 103 W/m2.



Fig. 6. (a) Velocity vector for VR = 3, x/d = 20, Re = 5000, Tin = 40 �C, q00w ¼ 103 W/m2. (b) Velocity vector for VR = 5, x/d = 20,
Re = 5000, Tin = 40 �C, q00w ¼ 103 W/m2. (c) Velocity vector for VR = 7, x/d = 20, Re = 5000, Tin = 40 �C, q00w ¼ 103 W/m2.
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SIMPLE algorithm of Patankar [19]. This is an iterative

solution procedure where the computation is begun by

guessing the pressure field. The momentum equation is

solved to determine the velocity components. Even

though the continuity equation does not contain any

pressure, it can be transformed easily into a pressure cor-

rection equation. The conservation equations are discret-

ized by control-volume-based finite-difference method

with power-law scheme. The set of difference equations

are solved iteratively using a line by line solution method

in conjunction with a tridiagonal matrix form. The solu-

tion is considered to be converged when the normalized

residual of the algebraic equation is less than a prescribed

value of 10�4. The distribution of cells in the computa-

tional domain was determined from a series of tests with

a different number of cells in the x-, y-, and z-directions.

The results are shown in Fig. 3, which plots theNu distri-

bution along z/d for VR = 5, and x/d = 20. The grid

structure with 91 · 75 · 10 cells was not enough to cap-
ture all the changes, so finer grid structure was tested.
The comparison of theoretical predictions with the

experimental data was used to assess the grid indepen-

dence of the results. The CPU time as well as memory

storage required for performing three-dimensional calcu-

lations increase dramatically as the number of grid nodes

increases even slightly. This needs to search for the num-

ber grid with the smallest possible number of nodes

but still satisfying the acceptable accuracy requirements.

Different size meshes, 91 · 75 · 10, 96 · 85 · 13 and

96 · 90 · 15 in x-, y-, and z-directions, respectively, were
employed in testing the numerical model. The results of

the grid sensitivity study showed that the simulations

based on the grid with 96 nodes in the x-direction, 85

nodes in the y-direction, and 13 nodes in the z-direction

provide satisfactory numerical accuracy and are essen-

tially grid independent. It has been validated using exper-

imental data reported in the literature [12], and a good

agreement has been found between the model predictions

and measurements. These computations performed on

IBM-RS6000, taken about 900–7200 s CPU time.



Fig. 7. Nudistribution: (a)VR = 7,Re = 5000,Tin = 30 �C, q00w ¼
103 W/m2; (b) VR = 5, Re = 5000, Tin = 30 �C, q00w ¼ 103 W/m2
and (c) VR = 3,Re = 5000,Tin = 30 �C, q00w ¼ 103 W/m2.

Fig. 8. Nudistribution: (a)VR = 7,Re = 5000,Tin = 30 �C, q00w ¼
340 W/m2; (b) VR = 5, Re = 5000, Tin = 30 �C, q00w ¼ 340 W/m2
and (c) VR = 3,Re = 5000,Tin = 30 �C, q00w ¼ 340 W/m2.
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4. Results and discussion

The numerical algorithm and computer program

were carefully evaluated by comparing model prediction

with available experimental data for inclined jet with

cross-flow [12]. Reference to Nakabe et al. [12], the test

section was 432 mm wide and 30 mm high. The jet diam-

eter was 6 mm. The height of the test section is five times

the nozzle diameter. The cross-flow Reynolds number

based on the time-averaged cross-flow velocity at the in-

let, and the hydraulic diameter of the channel were kept

constantly equal to 5000. The jet to cross-flow velocity

ratio VR = 3, 5 and 7. In the computations and experi-

ments of Nakabe et al. [12], water was used as a working

fluid with the inlet temperature Tin = 30 and 40 �C. An
uniform heat flux of q00w ¼ 340–1000 W/m2 was imposed
at the top wall.

Fig. 4a–c shows the velocity vector for the case of

VR = 7 at three different streamwise locations. The sec-

ondary flow velocity vector for the corresponding cases
are shown for comparison. A pair of counter-rotating

vortices are clearly seen in the figure; one with anti-

clockwise rotation is found at an almost constant

span-wise location around z/d = 0, and the other with

clockwise rotation is shift a little in the span-wise direc-

tion toward a position, z/d = 10 for the case of x/d = 10,

z/d = 13, for the case of x/d = 20, and also around

z/d = 15 for the case of x/d = 40. The velocity vectors

for the case of VR = 5 at three different streamwise loca-

tions are shown in Fig. 5a–c. The anti-clockwise-rotat-

ing longitudinal vortex of positive streamwise vorticity

is situated at almost the same position around z/d =

1–2 in all cases. The other vortex in the clockwise rota-

tion is clearly observed around z/d = 6–10 for the case of

VR = 5. This vortex induces strong span-wise flow

sweeping the top wall surface. The velocity vector for

three different values of the velocity ratio, VR = 3, 5

and 7 at x/d = 20 are shown in Fig. 6a–c. The anti-clock-

wise-rotating longitudinal vortex of positive streamwise

vorticity is situated at almost the same position around

z/d = 1–2 in all the cases. The other vortex having the



Fig. 9. U contours: (a) x/d = 20, VR = 3, Re = 5000, Tin = 30 �C, q00w ¼ 103 W/m2; (b) x/d = 20, VR = 5, Re = 5000, Tin = 30 �C,
q00w ¼ 103 W/m2 and (c) x/d = 20, VR = 7, Re = 5000, Tin = 30 �C, q00w ¼ 103 W/m2.

Y.-T. Yang, Y.-X. Wang / International Journal of Heat and Mass Transfer 48 (2005) 4019–4027 4025
clockwise rotation is clearly observed around z/d = 6

for the case of VR = 5 and also around z/d = 10 for

the case of VR = 7, but is weakened in the case of

VR = 3. The position of the rotating vortex moves away

from the nozzle position in z-direction as the VR is

increased.

Fig. 7a–c shows the Nusselt number distributions for

three different values of the velocity ratio, VR = 3, 5 and

7, but at the same streamwise location, x/d = 20. In the

case of VR = 3, the span-wise position of the peak

Nusselt number is located around z/d = 4, which corre-

sponds to the region of the upwash flow mainly induced

by the anti-clockwise vortex. It is found that the peak

position of Nusselt number moves a little toward the

right side wall of the duct with an increase in the VR
value. The Nusselt number distribution exhibits a shape

almost like a plateau in the wide range of the span-wise

position from z/d = 5 to 18. Fig. 8a–c shows the span-

wise distributions of Nusselt number at q00w ¼ 340
W=m2 for the case of VR = 7, 5 and 3 at three different

streamwise locations. It can be noticed that the Nusselt

number decreases about 5–10% at low heat flux

q00w ¼ 340 W=m2. Comparison between the Nusselt num-

ber distributions and the velocity vector shows that the

enhanced region of heat transfer corresponds very well

to the locations of the counter-rotating longitudinal

vortices. The secondary flow velocity in the cross-section

becomes smaller downstream. Following this decrease of

the velocity, Nusselt number in the whole enhanced

region also decreases along the streamwise direction.



Fig. 10. Contours of turbulent kinetic energy: (a) x/d = 20, VR = 3, Tin = 30 �C, Re = 5000; (b) x/d = 20, VR = 5, Tin = 30 �C,
Re = 5000 and (c) x/d = 20, VR = 7, Tin = 30 �C, Re = 5000.
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Heat transfer enhancement can be attained over wider

span-wise region as the VR value is increased. This

expansion of the high Nusselt number region is caused

by the high streamwise velocity flow combined with

span-wise flows sweeping the surface of the target plate,

which are produced by the clockwisely rotating longitu-

dinal vortex. Fig. 9a–c shows the contours of the time-

averaged streamwise velocity U for three different cases

of VR = 3, 5 and 7. In the case of VR = 3, a small veloc-

ity region appears near the top wall surface just on the

left side of x/d = 0. The low velocity region expands

wider as the VR value is increased. A more important

phenomena observed in this figure is that a higher

streamwise velocity region exists just on the left side of

the clockwise-rotating longitudinal vortex. The high
velocity region is present very near the surface of the

top wall so that this should be related to the increase

of the Nusselt number on the right side of its peak. Tur-

bulent kinetic energy has large values in two regions cor-

responding very well to the positions of a pair of centers

of the counter-rotating longitudinal vortices as clearly

seen in Fig. 10a–c.
5. Conclusions

The theoretical analysis performed, provides a funda-

mental understanding of the fluid flow and heat transfer

characteristics for an inclined jet with cross-flow imping-

ing on a heated plate. A three-dimensional mathematical
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model, developed using incompressible turbulent

Navier–Stokes equations of motion and energy equa-

tion, is capable of predicting correctly the flow and heat

transfer characteristics for an inclined jet with cross-flow

impinging on a heated plate. In the flow structure, a pair

of counter-rotating longitudinal vortices was clearly ob-

served; one having anti-clockwise rotation is situated

around z/d = 0 regardless of the VR value, and the other

having clockwise rotation moves away from the nozzle

position in the z-direction with an increase in the VR

value. Heat transfer enhancement can be found over

wider span-wise region as the VR value is increased.

The peak Nusselt number located around z/d = 4, which

is caused by the upwash region supplying fresh fluid to

the near region of the target plate surface. It has been

validated using experimental data reported in the litera-

ture, and a good agreement has been found.
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